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Abstract. We prove that there exists a residual subset TZ C Aut M (M) x L°°(M,SL(2,R)), with respect to 
the product topology, i.e., weak topology X L°° , such that any element (/, A) in 1Z has trivial spectrum or it is 
hyperbolic. Then, we prove prevalence of trivial spectrum near the dynamical cocycle of an area-preserving map 
Q-[ and also for generic cocycles in Aut M (M) X L P (M, SL(2, R)). On the other hand, if A C Diff 1 (M) denotes the set 

of C 1 -Anosov diffeomorphisms and f a A there exists v > and an open neighborhood V of / such that open 
and densely in dominated cocycles in V X C V (M, SL(2, R)) the pair (/, A) has simple spectrum with respect to the 
unique maximal entropy measure fif. 

1. Introduction 

Let M denote a compact d-dimcnsional manifold (d > 2) endowed with a distance d(-, •), fi the volume-measure 
associated to the volume form on M, Aut M (M) the space of the automorphisms of M (i.e. bi-measurable bijections 
preserving fj.) and Homco^M) the space of homcomorphism /: M — > M which leave invariant the measure jj,. We 
endow Aut^(M) with the weak topology denoted by W (i.e. /„ — > / if and only if fi(f n (K) A f(K)) — > for all 
measurable sets K C M) and endow Homeo M (M) with the C° topology. Let A: M — > 5L(2,R) be a continuous 
map when we consider the distance d in M and the uniform operator norm on the SL(2,M). Let r 6 No and 
v > be such that r + v > and let C r+U (M, SL(2, R)) denote the space of C r cocycles A: M -> SL(2,R) 
such that D r A is a C-Holder continuous. Let L°°(M, SL(2,M.)) denote the space of all essentially bounded 
maps A: M — > SL(2,R) endowed with the L°°-norm defined by \\A - B||oo = esssup|| A(x) - B(x)\\. Given 
A G L°°(M, SL(2, R)) we will denote, by a slight abuse of notation, by cocycle the skew-product 

F A : M x R 2 — > M x R 2 

(x,v) i-> (f(x),A(x)-v), 

whose joint base and fiber dynamics is given by F^(x,v) = (f n (x),A n (x) ■ v) where A n (x) = A(f n ~ 1 (x)) o ••• o 
A(f(x))oA(x). If n is an /-invariant probability measure such that log \\A^ \\ G L 1 ^) then it follows from Oseledets 
theorem (see e.g. [2]) that for //-almost every x there exists the largest Lyapunov exponent defined by the limit 

\+(f 7 A,x)= lim -log\\A n (x)\\, 

n— >+oo n 

satisfying A + (/, A, f(x)) = X + (f,A,x) and it is a non-negative measurable function of x. Moreover, for fi-a.c. 

point x G M with A(/, A, x) ^ 0, there is a A-invariant splitting of the bundle over x, © E* which varies 
measurably with x and such that, if u G E% \ {0} and s G E s x \ {0}, then 



lim -\o % \\A n (x)-u\\ = \ + (f,A,x) and lim - log \\A n {x) ■ s\\ = A" (/, A, x) = -\+(f, A, x). 

n— >±oon n^±ocn 

2. Trivial and simple spectrum 

In the recent years several results about the generic behavior of S'L(2,R) cocycles have been proved. We refer 
to result of Cong [7] where it is proved the L°° genericity of hyperbolic behavior among bounded cocycles when we 
keep the base dynamics and perturb the fiber dynamics in the L°°-scnsc. Moreover, Bochi and Fayad U proved 
that the trivial Lyapunov spectrum prevails in a C°-generic way when we keep the fiber dynamics and allows 
perturbation in the base dynamics. 

In this note we intend to discuss the problem of knowing what is the prevalent behaviour when we consider two 
degrees of freedom, i.e., perturbation of both base and fiber dynamics. In what follows, we endow the product 
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space Aut M (M) x L°°(M, SL(2, R)) with the product topology W x L°° . Moreover, we let (M, //) be a non-atomic 
Lebesgue space. The following result is very simple consequence of [4] Proposition 1.7] which we present in order 
to contextualize with the object of our study. 

Theorem 2.1. (]JJ Proposition 1.7]) There exists a residual subset TZ C Aut^(M) x L°°(M, SX(2,R)) such that 
any element (/, A) G TZ has trivial spectrum or else the cocycle (/, A) is uniformly hyperbolic. 

Proof. We consider the function 

A: Aut M (M) x L°°(M,SL(2,R)) — > [0,+oo[ 

(LA) ^ J M X+(f,A,x)d^x) 

Take the residual TZi C L°°(M, ST(2,R)) given in g] Proposition 1.7]. Then, for every A G TZi we have that 
(/, A) is uniformly hyperbolic for any / G Aut^(M) or else there exists a residual IZ2 (w.r.t. W) such that any 
/ G TZ 2 satisfies A(/, A) = 0. Define TZ = TZ X x TZ 2 . □ 

Remark 2.2. If we assume that M is a compact Hausdorff space and fj, is a Borcl regular measure, then previous 
result also holds for Aut M (M) x C°(M, SL(2, R)) instead of Aut M (M) x L°°(M, SL(2, R)) and the C° topology 
instead of the L°° one. 

3. Trivial spectrum 

Here, we begin by proving that the trivial spectrum is prevalent for the dynamical cocycle of an area-preserving 
diffcomorphism near any element of Homeo A1 (M). Let Diff^(M) stands for the set of area-preserving diffeomor- 
phisms on surfaces. 

Theorem A. For a C° -dense subset T> C Homeo^M) of C 2 diffeomorphisms and e > we have that, for f G T>, 
there is a C° -neighborhood U / of f and a residual subset TZ C Uf such that J" \ + {h, Df, x)dfi(x) < e, for all 
h G TZ. 

Proof. Using [TT] we know that C 1 -close to any element in Diff* (M) there is an Anosov map or else one map that 
exhibits dense elliptic periodic orbits. By ([13]) Diff^(M) (r > 2) is C^-dense in Diff^(M) and by ([10]) Diff^(M) 
is C°-dense in Homeo M (M). By performing an arbitrarily small C°-perturbation of an Anosov in Diff^(M) we can 
obtain an element in Diff^(M) C 1 -far from the C 1 -opcn subset of Anosovs, thus having an element in Diff (M) 
exhibiting dense elliptic periodic orbits. Therefore, we obtain a C°-dense subset T> of Homeo /i (M) with dense 
elliptic periodic orbits and of class C 2 . Moreover, V can be chosen such that at least one of its (dense) periodic 
orbits has non-zero second derivative at some point of its orbit. 

In conclusion, we have / G V with the dynamical cocycle Df : M — > SL(2, R) of class C 1 and, moreover, / has a 
persistent elliptic periodic point p = f n {p) such that D(Dffi^) is non-zero, for some i G {0, 1, n — 1}. We are 
in the conditions of [JJ Corollary 5] (see also [H Theorem 4]) and so we obtain a neighborhood Uf C Homeo M (M) 
of / and a residual subset KcW/ such that J M X + (h, Df, x)d/j,(x) < e for all h G TZ and the theorem is proved. 

□ 

Now, we also obtain prevalence of trivial spectrum if we consider the L p -measurable SX(2,R) cocycles endowed 
with the L p -norm (c.f. Q~]). The next result is a direct consequence of Arbieto & Bochi theorem [JJ. 

Corollary 3.1. There exists a residual subset TZ C Aut^(M) x L P (M, SL(2, R)) such that any element (/, A) G TZ 
has trivial spectrum. 

Proof. We consider the function endowed with the product topology, VV x L p -norm, in its domain: 

A: Aut^(M) x LP(M,SL(2,R)) — > [0,+oo[ 

(J, A) ^ J M \+(f,A,xW(x) 

By [4] Proposition A. 2] we know that, for any fixed A G L P (M, SL(2, R)), we have that the integrated Lyapunov 
exponent function A(-,A) is upper semicontinuous w.r.t. W. Moreover, by [JJ Theorem 2], for any fixed / G 
Aut M (M) we have that A(/, •) is upper semicontinuous with respect to the L p norm. Hence, since we consider the 
product topology it is easy to show that A is an upper semicontinuous map. Thus, for every e > there exists a 

periodic point is persistent for h £ Homeo M (M) if for every e > there is <5 > such that if h is an homeomorphism <5-C°-close 
to h then h has a periodic point p of period n which is e-close to p. Since our elliptic point is an isolated fixed point, for the return 
map, of Poincare-Lefschetz index different from 1 it is necessarily persistent. 
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neighborhood U of (/ , ^4o) such that A(/, A) < A(/ , A ) + e for all (/, A) G U. Now we claim that if (f , A ) is a 
continuity point of A then A(/o, Aq) = 0. Assume, by contradiction, that A(/o, ^4o) > 0. Then, there exists a small 
e > so that A(f,A) > A(/ ,A )/2 > for all (f,A) G Aut jU (M) x LP(M, SX(2,R)) such that / is e-close to f 
(w.r.t. the topology W) and ||^4 — Ao || ip < £■ However, we can perturb /□ obtaining an ergodic /i (cf. [5]), and, 
since we are in the conditions of [H Theorem 1], there exists A\ G L P (M, SL(2, R) that is e-L p -close to Aq and 
such that A(/i, A\) = which leads to a contradiction. This proves our claim. Finally, since the set of continuity 
points of a semicontinuous function if a residual set the corollary is now proved. 

□ 

4. Simple Spectrum 

From now on we will consider more regular cocycles with a fiber-bunching assumption called domination as we 
now describe. Denote by A C Diff 1 (M) the space of C 1 -Anosov diffeomorphisms on M. Given / G A there are 
constants C = C f > and 9 = 9 f G (0, 1), and a DJ-invariant splitting TM = Ej®Ef such that \\Df%. || < C6 n 
and < C9 n for all n > 1. In fact it is well known that A is an open set and that the constants C > 

and 9f G (0, 1) can be chosen in a way that for all g G A sufficiently close to / there exists a Dg-invariant splitting 
TM = E s a © \\Dg%\\ < C9 n and UDg^yH < C9 n for all n > 1. Given a constant > 0, we say that a 

^-Holder continuous cocycle A is dominated for / if it satisfies ||A(x)|| ||j4(x) _1 || 9 V < 1 for all x G M . This is 
clearly an open condition. Now, since Anosov are structurally stable for any / G A there exists 7 G (0, 1) and a 
7- Holder continuous homeomorphism h g close to the identity and such that g o h g = h g o /. Let 77 : A — > (0, 1] be 
a continuous function such that any / G A is ?7(/)-H61dcr conjugate to all sufficiently close maps (see e.g. [9] for 
details on regularity of conjugacies) and let ACp(M, £X(2, M)) C Ax C°(M, SL(2, R)) to be the open set of pairs 
(/, A) such that / is an Anosov diffcomorphism, A is a 7y(/)-H61dcr continuous cocycle and it is dominated for /. 

It is well known that these Anosov diffeomorphisms arc ergodic, hence transitive. In particular for every / G A 
there exists a unique maximal entropy measure fi / , and it has local product structure as we now describe. Recall 
that local stable and local unstable manifolds are C 1 -embedded submanifolds of M with the property that Wf oc (x) 
and W[" c (x) vary continuously with x and there exists 6 > is small such that for any x G M and y, z G B(x, S) 
the intersection [y,z] := W^ c (y) fti Wf oc (z) ^ consists of a unique point. Hence, there exists N%(5) C W^ c (x) 
a u- neighborhood of x and N^(8) C Wf oc (x) an s-neighborhood of x and a neighborhood Ng(x) of x in M such 
that the map : Ng(x) — >• N™(S) x AT* (J) given by T x (y) = ([x,y], [y,x]) is a homeomorphism. An /-invariant 
probability measure has ZocaZ product structure if for any x G supp(/x) (supp(/Lt) stands for the support of the 
measure fi) and a small 5 > the measure |tv x (<5) is equivalent to the product measure /x" x /ij, where /x^. denotes 
the conditional measure of Ijv x (<5)) on AT* ((J), for i G it, s. See e.g. [6] for details. We study Lyapunov 

exponent with respect to the maximal entropy measure: 

A: AC%(M,SL(2,R)) — ► R 

(f,A) ^ f M \+(f,A,x)d» f 

Let f:M — > M and g : N — > N be invertible measurable maps and measurable /i-conjugated, say g o h = h o /, for 
an invertible measurable map h: M — > N . The cocycle A over / and the cocycle B over g are equivalent if there 
exists a measurable temperated map L: AI — > 51/(2, R) such that the cohomology equations holds: A(h^ 1 (x)) = 
L(g(x))^ 1 B(x)L(x) for x G N (cf. Chapter 4 in [2]). We are now in a position to state our last main result. 

Theorem B. There exists an open and dense subset TZ C AC 7 jj{M 1 SL(2, R)) such that any element (f,A) G 1Z 
has simple spectrum with respect to the maximal entropy measure (if. 

Proof. Let A be a dominated cocycle for / such that (f,A) has simple spectrum, that is, A G Sf. We prove that 
there exists a small neighborhood U of / such that for all g G U it holds that (g, A) has simple spectrum. Fix e > 
arbitrary small and ||/ — g\\ < e. Then there exists a 77(/)-H61der continuous homeomorphism h g that is close to 
the identity and such that g o h g = h g o / . Since [i has local product structure for all Anosov diffeomorphisms in 
A it follows from [5] 112] that for any fixed / G A there exists an open and dense subset S f C C r >^(M,SL{2,R)) 
such that, for all A G Sf, the corresponding cocycle has simple spectrum for ^-almost every x. So, there exists 
a C^-open neighborhood V G Sf of A such that for all A G V it holds — A\\ v <C e and (f,A) has simple 
spectrum with respect to [if . Observe also that, since domination is an open condition, if a cocycle A is dominated 
for / then it is dominated for all g G A sufficiently close to /. Now, we claim that the map 

g A = A o h~ 1 G V 
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is well defined, continuous and surjective provided that V is small. Since K 1 6 Ctf) then it follows that A is a 
C?(/)_H61der continuous cocycle. Moreover, \\A — A\\ = sup,,, \\A(x) — A(h~ 1 (x))\\ < e, since the second term can 
be taken arbitrary small provided that g is suficiently close to /, and also \\A — A\\ v can be taken arbitrary small 
using an easy argument. Using the continuity of the conjugacy it follows that the previous map is continuous and 
well defined as claimed. The surjection is immediate. 

Now, since there is a unique maximal entropy measure for both / and g then it is preserved by topological 
conjugacy and so (hg 1 )*^ = fXf. Thence, the preimage is an open subset and thus (g, A) has simple spectrum for 
//g-almost every x. We have proven that, for any A € C V ^'(M, SL{2, M)), which has simple spectrum for some 
(/, fj,f) the set of g's such that (g, A) has simple spectrum for /^-almost every x is open. The statement of the 
theorem follows directly. □ 

Remark 4.1. The previous result also extends from Anosov to transitive Axiom A diffeomorphisms satisfying the 
transversality condition, since these are structurally stable and locally bi-H61dcr conjugate and SL(d,M) cocycles 
for d > 2. 

Acknowledgements 

MB was partially supported by National Funds through FCT - "Fundacao para a Ciencia e a Tecnologia" , project 
PEst-OE/MAT/UI0212/2011 and also the project PTDC/MAT/099493/2008. PV was partially supported by 
CNPq and FAPESB. The authors would like to thanks Jairo Bochi for suggestions that improved the presentation 
of the paper. 

References 

[1] A. Arbieto and J. Bochi, L p -generic cocycles have one-point Lyapunov spectrum, Stochastics and Dynamics, 3 (2003), 73-81. 
Corrigendum, ibid, 3 (2003), 419-420. 

[2] L. Barreira and Ya. Pesin, Nonuniform Hyperbolicity, Encyclopedia of Mathematics and Its Applications 115, Cambridge Uni- 
versity Press, 2007. 

[3] J. Bochi. Genericity of zero Lyapunov exponents. Erg. Theor. Dyn. Syst., 22:1667-1696, 2002. 

[4] J. Bochi and B. Fayad. Dichotomies between uniform hyperbolicity and zero Lyapunov exponents for SL(2, R) cocycles. Bull. 

Braz. Math. Soc, 37:307-349, 2006. 
[5] C. Bonatti and M. Viana. Lyapunov exponents with multiplicity 1 for deterministic products of matrices. Ergod. Th. & Dynam. 

Sys, 24:1295-1330, 2004. 

[6] R. Bowen. Equilibrium States and the Ergodic Theory of Anosov Diffeomorphisms, Lecture Notes in Mathematics, 470, Springer, 
2008. 

[7] N. Cong. A generic bounded linear cocycle has simple Lyapunov spectrum. Erg. Theor. Dyn. Syst., 25:1775—1797, 2005. 
[8] P.R. Halmos. Lectures on Ergodic Theory. The Mathematical Society of Japan, 1956. 

[9] A. Katok and B. Hasselblat. Introduction to the Modern Theory of Dynamical Systems. Encyclopedia of Mathematics and its 
Applications, 1996. 

[10] Yong-Geun Oh. C -coerciveness of Moser's problem and smoothing area preserving homeomorphisms, Preprint ArXiv. 
|math.DS/0601183| 2006. 

[11] S. Ncwhousc. Quasi-elliptic periodic points in conservative dynamical systems. Am. J. Math., 99:1061-1087, 1977. 
[12] M. Viana, Almost all cocycles over any hyperbolic system have nonvanishing Lyapunov exponents. Ann. of Math. (2) 167 (2008), 
no. 2, 643-680. 

[13] E. Zehnder, Note on smoothing symplectic and volume-preserving diffeomorphisms, In Proc. Ill Latin Amer. School of Math. , 
Inst. Mat. Pura Aplicada CNPq, Rio de Janeiro, 1976, volume 597 Lecture Notes in Math., 828—854. Springer, Berlin, 1977. 

Mario Bessa, Departamento de Matematica, Universidade da Beira Interior, Rua Marques d'Avila e Bolama, 6201-001 
Covilha, Portugal. 

E-mail address: bessa@fc.up.pt 

Paulo Varandas, Departamento de Matematica, Universidade Federal da Bahia, Av. Ademar de Barros s/n, 40170-110 
Salvador, Brazil. 

E-mail address: paulo.varandas@ufba.br 



4 



